Abstract. Let X be a smooth complex projective curve and S ⊂ X a finite subset. We show that an orthogonal or symplectic parabolic Higgs bundle on X with parabolic structure over S admits a Hermitian-Einstein connection if and only if it is polystable.
Introduction
Let X be an irreducible smooth complex projective curve, and let S ⊂ X be a fixed finite subset. The notion of parabolic vector bundles on X with S as the parabolic divisor was introduced by Seshadri [Se77] . Parabolic bundles equipped with Higgs fields were introduced by Simpson [Si90] under the name of filtered regular Higgs bundles; see also [Yo93] .
An orthogonal or symplectic parabolic bundle is a parabolic vector bundle equipped with a symmetric or alternating form, respectively, with values in a parabolic line bundle; this form is required to be non-degenerate in a suitable sense [BMW11] . In the case of rational parabolic weights, this coincides with the notion of parabolic principal G-bundles introduced in [BBN01] and [BBN03] , where G is the orthogonal or symplectic group, respectively.
In [BMW11] , orthogonal and symplectic parabolic bundles were investigated. In particular, a Hitchin-Kobayashi correspondence, which says that an orthogonal or symplectic parabolic bundle admits a Hermitian-Einstein connection if and only if it is polystable, was established. Our aim here is to define Higgs fields on orthogonal and symplectic parabolic bundles and to generalize the Hitchin-Kobayashi correspondence to this context. We obtain the following result (see Theorem 16 and Proposition 17): Theorem 1. Let (E * , ϕ , θ) be an orthogonal or symplectic parabolic Higgs bundle. If (E * , ϕ , θ) is polystable, then it admits a Hermitian-Einstein connection.
Conversely, if (E * , ϕ , θ) admits a Hermitian-Einstein connection lying in the space A (see (4.3)), then it is polystable.
Orthogonal and symplectic parabolic Higgs bundles
2.1. Parabolic vector bundles. Let X be an irreducible smooth complex projective curve. Fix a finite subset S := {x 1 , · · · , x n } ⊂ X with distinct points x 1 , · · · , x n of X. Let E be a holomorphic vector bundle on X. Recall that a quasi-parabolic structure on E over S is a filtration of subspaces (2.1)
over each point x i of S. A parabolic structure on E over S is a quasi-parabolic structure as above together with real numbers 0 α i,1 < · · · < α i,j < · · · < α i,ℓ i < 1 , which are called the parabolic weights. The weight α i,j corresponds to the subspace F i,j .
(See [Se77] , [Se82, p. 67], [MY92] .) A parabolic vector bundle with parabolic divisor S is a holomorphic vector bundle E equipped with a quasi-parabolic structure over S and parabolic weights as above.
For convenience, a parabolic vector bundle (E, {F i,j }, {α i,j }) will be denoted by E * .
We fix the divisor S once and for all. Henceforth, the parabolic divisor for all parabolic vector bundles will be this S.
The parabolic degree of a parabolic vector bundle E * is defined to be
and the real number par-µ(E * ) := par-deg(E * ) rank(E) is called the parabolic slope of E * .
See [Bi97] , [Yo95] for tensor product, dual and homomorphism bundles for parabolic bundles.
2.2. Orthogonal and symplectic structures. Fix a parabolic line bundle L * . The underlying holomorphic line bundle will be denoted by L.
Let E * be a parabolic vector bundle, and let
be a homomorphism of parabolic bundles. Tensoring both sides of this homomorphism with the parabolic dual E function f to the locally defined endomorphism of E given by pointwise multiplication with f . Let
be the homomorphism defined by the composition
(i) An orthogonal parabolic bundle is a pair (E * , ϕ) of the above form such that ϕ is symmetric, and the homomorphism ϕ in (2.2) is an isomorphism. (ii) A symplectic parabolic bundle is a pair (E * , ϕ) of the above form such that ϕ is anti-symmetric, and the homomorphism ϕ is an isomorphism.
Let (E * , ϕ) be an orthogonal or symplectic parabolic bundle with E as the underlying vector bundle. Then E ⊗ E is a coherent subsheaf of the vector bundle underlying the parabolic tensor product E * ⊗ E * . Therefore, ϕ produces a homomorphism
where L is the holomorphic line bundle underlying L * . A holomorphic subbundle
where ϕ is constructed in (2.3).
Higgs fields.
Let Ω X be the canonical line bundle of X. For notational convenience, we write Ω X (S) := Ω X ⊗ O X (S). Let E be a holomorphic vector bundle on X. A logarithmic Higgs field on E is a holomorphic section
For every point x i ∈ S, the fiber (Ω X (S)) x i is identified with C using the Poincaré adjunction formula. The endomorphism
is called the residue of θ at x i ; it will be denoted by Res(θ, x i ).
Definition 3.
(i) Let E * be a parabolic vector bundle on X. A parabolic Higgs field on E * is a logarithmic Higgs field
such that for every point x i ∈ S, the residue Res(θ, x i ) preserves the quasiparabolic filtration in the sense that Let F be the vector bundle underlying F * . The two logarithmic Higgs fields θ E and θ F on E and F respectively together induce a logarithmic Higgs field on the vector bundle E ⊗ F ⊗ O X (S) (the Higgs field on O X (S) is taken to be the zero section). The vector bundle (E * ⊗ F * ) 0 underlying the parabolic tensor product E * ⊗ F * is a subsheaf of E ⊗ F ⊗ O X (S). It is straightforward to check that the above logarithmic Higgs field on E ⊗ F ⊗ O X (S) produces a logarithmic Higgs field on (E * ⊗ F * ) 0 . This logarithmic Higgs field on (E * ⊗ F * ) 0 is a parabolic Higgs field on the parabolic vector bundle E * ⊗ F * .
Definition 5. Let (E * , ϕ) be an orthogonal or symplectic parabolic bundle. A parabolic Higgs field θ on E * is said to be compatible with ϕ if the isomorphism ϕ in (2.2) takes θ to the parabolic Higgs field on L * ⊗ E * * induced by θ (the Higgs field on L * is taken to be the zero section).
We will explain the above definition of a compatible parabolic Higgs field. Consider the pairing ϕ in (2.3). Since a Higgs field θ on E * is a section of End(E) ⊗ Ω X (S), for any holomorphic sections s and t of E defined over an open subset U ⊂ X, we have
The Higgs field θ is compatible with ϕ if and only if ϕ θ (s , t) = 0 for all s and t.
Definition 6. An orthogonal (respectively, symplectic) parabolic Higgs bundle (E * , ϕ , θ) is an orthogonal (respectively, symplectic) parabolic bundle (E * , ϕ) together with a parabolic Higgs field θ on E * which is compatible with ϕ.
Polystability
Given a parabolic vector bundle E * on X and a holomorphic subbundle F of the underlying vector bundle E, we obtain an induced parabolic structure on F by restricting the quasi-parabolic filtrations and the parabolic weights of E to F . Let F * be the parabolic vector bundle obtained this way.
Definition 7. Let (E * , θ) be a parabolic Higgs bundle on X.
holds. (ii) (E * , θ) is called polystable if it is semistable and isomorphic to a direct sum of stable parabolic Higgs bundles.
Let (E * , ϕ , θ) be an orthogonal or symplectic parabolic Higgs bundle. As before, the holomorphic vector bundle underlying E * will be denoted by E.
Definition 8. The orthogonal or symplectic parabolic Higgs bundle (E * , ϕ , θ) will be called stable (respectively, semistable) if for every isotropic subbundle F ⊂ E of positive rank (see (2.4)) such that θ(F ) ⊂ F ⊗Ω X (S) (see Definition 3(i)), the following condition holds:
par-µ(F * ) < par-µ(E * ) (respectively, par-µ(F * ) par-µ(E * )) .
Take any parabolic vector bundle V * on X. Using the natural pairing of V * with its parabolic dual V * * , the parabolic vector bundle V * ⊕(L * ⊗V * * ) is equipped with a symplectic as well as an orthogonal form with values in L * . To explain this, note that for any finite dimensional complex vector space W 0 , we have
. Both the symplectic and orthogonal forms on V * ⊕ (L * ⊗ V * * ) with values in L * will be denoted by ϕ V * .
Let θ V be a Higgs field on the parabolic vector bundle V * . The Higgs field on V * * given by Lemma 4 will be denoted by θ * V . The zero Higgs field on L * and θ * V together define a Higgs field on L * ⊗ V * * by Lemma 4; this Higgs field on L * ⊗ V * * will be denoted by θ L V . We note that the parabolic
is an orthogonal or symplectic parabolic Higgs bundle (depending on whether ϕ V * is the natural orthogonal or symplectic form).
Definition 9. A semistable orthogonal (respectively, symplectic) parabolic Higgs bundle (E * , ϕ , θ) will be called polystable if it is a direct sum of finitely many orthogonal (respectively, symplectic) parabolic Higgs bundles
) (see (3.1)) with (V * , θ V ) being a polystable parabolic Higgs bundle.
To compare the above definition with the definition of polystable orthogonal and symplectic parabolic vector bundles (without Higgs structure) given in [BMW11] , note that a direct sum of polystable parabolic orthogonal (respectively, symplectic) Higgs bundles of the same parabolic slope is again polystable. Also, for two parabolic vector bundles V * and W * with V and W as the respective underlying vector bundles, we have
Proposition 10. Let (E * , ϕ , θ) be a polystable orthogonal or symplectic parabolic Higgs bundle. Then the parabolic Higgs bundle (E * , θ) is polystable.
Proof. Let E be the vector bundle underlying E * . We will first show that (E * , θ) is semistable.
Assume that (E * , θ) is not semistable. Let
be the unique parabolic subbundle of E * of positive rank such that
par-µ(V * ) for all parabolic subbundles V * ⊂ E * with θ(V ) ⊂ V ⊗ Ω X (S), where V is the vector bundle underlying V * , and • rank(F * ) is maximal among all parabolic subbundles of E * satisfying the first two conditions.
The quotient bundle E/F is equipped with a parabolic structure given by the parabolic structure of E * , and this parabolic vector bundle is equipped with a Higgs field given by θ. If the parabolic Higgs bundle E/F equipped with these induced structures is not semistable, we may consider the subbundle of it constructed as above using the three conditions. Proceeding inductively, we get a filtration of parabolic subbundles The filtration in (3.2) is called the Harder-Narasimhan filtration for (E * , θ).
The Higgs field θ induces a Higgs field θ
′ on L * ⊗ E * * using the zero Higgs field on L * (see Lemma 4). We note that (L * ⊗ E * * , θ ′ ) is not semistable because (E * , θ), which is isomorphic to it (see Definition 5), is not semistable. Let
be the Harder-Narasimhan filtration for (L * ⊗E * * , θ ′ ). From the uniqueness of the HarderNarasimhan filtration we conclude that
for all i, where ϕ is the isomorphism in (2.2).
We put down some properties of the parabolic slope which are straightforward to derive.
• par-µ(W * ⊗ W From the above properties it follows immediately that the filtration in (3.3) is given by the dual of the filtration in (3.2). This means that
Combining (3.5) and (3.4) it follows that F 1 * is an isotropic subbundle of E * for the pairing ϕ, because the composition
2). Since F * = F 1 * (see (3.2)) is an isotropic subbundle for the pairing ϕ, the subbundle F * violates the semistability condition for (E * , ϕ , θ). But we know that (E * , ϕ , θ) is semistable because it is polystable. In view of this contradiction, we conclude that (E * , θ) is semistable.
Assume that (E * , θ) is not polystable.
Consider all parabolic subbundles
, where V ⊂ E is the subbundle underlying V * , and • the parabolic Higgs bundle defined by V * equipped with the Higgs field induced by θ is polystable.
Let V * be the parabolic subbundle of E * generated by all such parabolic subbundles. From the construction of V * it follows immediately that
where V ⊂ E is the subbundle underlying V * . Let θ V be the Higgs field on V * defined by θ. We have
• the parabolic Higgs bundle ( V * , θ V ) is polystable, and • V * is of maximal rank among all parabolic subbundles of E * satisfying the first two conditions.
These follow from the fact that for any two parabolic subbundles W 1 * and W 2 * of E * preserved by θ and satisfying the two conditions
• par-µ(W j * ) = par-µ(E * ), j = 1 , 2, and • W j * equipped with the parabolic Higgs field induced by θ is polystable, the parabolic subbundle of E * generated by W 1 * and W Since (E * , θ) is assumed to be not polystable, we have rank( V * ) < rank(E * ).
This polystable parabolic Higgs bundle ( V * , θ V ) is called the socle of (E * , θ). Just as in the case of the Harder-Narasimhan filtration, we get a filtration of parabolic subbundles The filtration in (3.6) is called the socle filtration for (E * , θ).
We note that (L * ⊗ E * * , θ ′ ) is semistable because it is isomorphic to the semistable parabolic Higgs bundle (E * , θ). Let
be the socle filtration for (L * ⊗ E * * , θ ′ ). From the uniqueness of the socle filtration it follows that
From the properties of the parabolic slope listed above it follows that
Just as before, this and (3.8) together imply that V 1 * ⊂ E * is an isotropic subbundle for ϕ.
Consider V 1 * = V * in (3.6). Let θ V be the Higgs field on V * induced by θ. Since V * ⊂ E * is an isotropic subbundle for ϕ with par-µ(V * ) = par-µ(E * ) and preserved by θ, from the definition of polystability of (E * , ϕ , θ) it follows that there is an orthogonal or symplectic parabolic Higgs bundle (W * , φ , α) (depending on whether (E * , ϕ) is orthogonal or symplectic) such that in (3.1) . We have shown that the parabolic Higgs bundle (E * , θ) is semistable. Therefore, from (3.9) it follows that both the parabolic Higgs bundles (
We note that the parabolic Higgs bundle (L * ⊗V * * , θ L V ) is polystable, because (V * , θ V ) is polystable. Also, we have par-µ(L * ⊗ V * * ) = par-µ(E * ), because par-µ(V * ) = par-µ(E * ). Since (V * , θ V ) is the socle of (E * , θ), these imply that the Higgs parabolic subbundle
is actually contained in (V * , θ V ). But this contradicts (3.9). Therefore, we conclude that (E * , θ) is polystable.
Hermitian-Einstein connections
Fix a Hermitian metric ω on X \ S which extends smoothly over X; it is Kähler because dim C X = 1.
Definition 11. A Hermitian-Einstein metric on a Higgs vector bundle (E , θ) over X \ S is defined to be a Hermitian metric h on E such that its Chern curvature form F h satisfies the equation
for some λ ∈ R which is known as the Einstein factor; here, Λ ω is the adjoint of forming the wedge product with ω and θ * is the adjoint endomorphism of θ with respect to h, and [· , ·] is defined using the exterior product on forms and the Lie algebra structure of the fibers of End(E).
If h is a Hermitian-Einstein metric, then its Chern connection is called a HermitianEinstein connection.
Let (E * , θ) be a parabolic Higgs bundle. In [Si90, Theorem 4], Simpson describes a construction of a background metric on E over X \ S from the given data (E * , θ), which is compatible with taking parabolic duals. Also, it is compatible with taking parabolic tensor products up to mutual boundedness of the resulting background metrics. (See [Si90, Proposition 3.1, Corollary 4.3, Theorem 4].) The metric on E over X \ S obtained from (E * , θ) via this construction will be denoted by h 0 (E * , θ). Theorem 12. If (E * , θ) is stable, then there is a Hermitian-Einstein metric h on (E , θ) over X \ S such that the metric h and the background metric h 0 (E * , θ) are mutually bounded.
We will prove the uniqueness of the associated Hermitian-Einstein connection in Theorem 12. For this, we need the following lemma:
Lemma 13. Let (F , θ) be a Higgs vector bundle on X \S admitting a Hermitian-Einstein metric h with Einstein factor λ = 0. Let σ be a holomorphic section of F satisfying the conditions that θ(σ) = 0 and σ is bounded with respect to h. Then σ is parallel with respect to the Chern connection D of h.
Proof. Let := √ −1 · Λ ω∂ ∂ be the (complex) Laplacian on functions with respect to ω. By [Si88, Proposition 2.4], we know that the manifold X \ S satisfies the following condition:
If f is a bounded non-negative smooth function on X \ S, then f 0 implies f = 0.
We want to apply (4.2) to the function f := |σ| 2 h . Since σ is holomorphic, we have |σ|
As the Einstein factor of h is 0, the Hermitian-Einstein equation (4.1) implies that
Combining this with θ(σ) = 0 it follows that
Consequently, we have |σ|
Since |σ| 2 h is bounded, condition (4.2) yields |σ| 2 h = 0, and thus D ′ σ = 0. As σ is holomorphic, this already implies that Dσ = 0. Proposition 14. Let h 1 and h 2 be two Hermitian-Einstein metrics on (E , θ) over X \ S which are mutually bounded. Then the corresponding Chern connections agree. In particular, the Hermitian-Einstein connection on (E , θ) over X \ S given by Theorem 12 is unique.
Proof. Let F := End(E) = E⊗E * be the endomorphism bundle of E over X \S equipped with the Higgs field θ induced by θ. Let h be the Hermitian metric on F induced by h 1 and h 2 . Then h is a Hermitian-Einstein metric on F with Einstein factor λ = 0. Its Chern connection is
, where D 1 and D 2 are the Chern connections associated to h 1 and h 2 , respectively, and D * 2 is the connection on E * induced by D 2 .
We want to apply Lemma 13 to the holomorphic section σ := id E of End(E). Since id E commutes with θ, we have θ(id E ) = 0. The mutual boundedness of h 1 and h 2 implies that id E is bounded with respect to h. Lemma 13 then yields
and thus D 1 = D 2 . Now let (E * , ϕ , θ) be an orthogonal or symplectic parabolic Higgs bundle on X. Let L * be the parabolic line bundle that we fixed earlier. Since L * is stable, it admits a Hermitian-Einstein metric h L by Theorem 12 (the Higgs field on L * is always taken to be the zero section). The corresponding Hermitian-Einstein connection on L * is unique by Proposition 14; denote this connection by ∇ L .
Definition 15. A Hermitian-Einstein connection on (E * , ϕ , θ) is a Hermitian-Einstein connection D on the underlying Higgs vector bundle (E , θ) over X \ S such that the isomorphism ϕ in (2.2) takes D to the connection on L * ⊗ E * * induced by ∇ L and the dual connection D * on E * * for D. Theorem 16. Let (E * , ϕ , θ) be a polystable orthogonal or symplectic parabolic Higgs bundle on X. Then (E * , ϕ , θ) admits a Hermitian-Einstein connection.
Proof. Since (E * , ϕ , θ) is polystable, the parabolic Higgs bundle (E * , θ) is polystable by Proposition 10. By Theorem 12, there is a Hermitian-Einstein metric h on (E , θ) over X \ S such that h and h 0 (E * , θ) are mutually bounded.
We have to show that the Chern connection D on E * associated to h is a HermitianEinstein connection on (E * , ϕ , θ). By Lemma 4, the Higgs field θ induces a Higgs field θ on the parabolic vector bundle L * ⊗ E * * . The Hermitian metric h ′ on L * ⊗ E * * induced by h L and h is a Hermitian-Einstein metric on (L * ⊗ E * * , θ). As h and h 0 (E * , θ) are mutually bounded, and the construction of the background metric is compatible with taking duals and tensor products up to mutual boundedness, it follows that h ′ and h 0 (L * ⊗ E * * , θ) are mutually bounded.
On the other hand, the Hermitian metric h ′′ on L * ⊗ E * * given by the isomorphism ϕ in (2.2) is also a Hermitian-Einstein metric on (L * ⊗ E * * , θ) because the Higgs field θ is compatible with the orthogonal or symplectic structure ϕ (see Definition 6). As ϕ is an isomorphism of parabolic bundles, the metrics h ′′ and h 0 (L * ⊗ E * * , θ) are mutually bounded.
By Proposition 14 it follows that the Chern connections of h ′ and h ′′ coincide. This means that the Chern connection D associated to h is a Hermitian-Einstein connection on (E * , ϕ , θ).
There is also a converse to Theorem 16. For this, one has to impose a condition on the asymptotic behavior of the Hermitian-Einstein connection near the parabolic divisor S. In [Po93] , Poritz defines a space 
